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Abstract

We consider the problem of scattering of a time-harmonic acoustic incident plane
wave by a sound soft convex polygon. Standard boundary or finite element methods,
with a piecewise polynomial approximation space, have a computational cost that
grows linearly with respect to the frequency of the incident wave. Recently Chandler-
Wilde and Langdon proposed a novel Galerkin boundary element method for this
problem for which, by incorporating the products of plane wave basis functions with
piecewise polynomials supported on a graded mesh into the approximation space,
they were able to demonstrate that the number of degrees of freedom required to
achieve a prescribed level of accuracy grows only logarithmically with respect to the
frequency. Here we propose a related collocation method, using the same approxi-
mation space, for which we demonstrate via numerical experiments a convergence
rate identical to that achieved with the Galerkin scheme, but with a substantially
reduced computational cost.
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1 Introduction

Consider the problem of scattering of a time-harmonic acoustic incident plane
wave u’ by a sound soft convex polygon €. The total acoustic field u satisfies

Au(x) + K*u(x)=0, x€ D:=R*\Q, (1)
u(x)=0, xel:=099, (2)

where the wavenumber &£ > 0 is proportional to the frequency of the incident
wave, together with the Sommerfeld radiation condition

lim 71/? (aa“ - ikzus> — 0, (3)

r—00 r

on the scattered field u® := u—u’, where r := |x| and the limit holds uniformly
in all directions x/|x|. Existence and uniqueness of a solution u € C(D) N
C?*(D) to (1)—(3) follows from classical results; see [8] for details.

Using Green’s theorem we can represent u(x), x € D, as a combination of
single and double layer potentials, and with the double layer potential disap-
pearing due to (2) we have [11, theorem 3.12]

u(x /@Xya—u )ds(y), x€D. (4)

Here ®(x,y) = (1/4)H0 (k|x — y|) is the standard fundamental solution
for the Helmholtz equation and n is the normal direction directed out of
). Thus our problem reduces to finding the complementary boundary data
du/on € L*(T'), and to do this we solve the well known second kind integral
equation

(I + K) = [, onI\{5}, (5)
where S is the set of corners of Q, f := 20u’/dn + 2inu’, and for v € L*(T)

=2 [ (T, + 80| o) o),

n(x)

where 7 is a coupling parameter, with n € R\{0} ensuring that (5) has a
unique solution (see [8] for details).



The kernel, right hand side, and solution of (5) all oscillate rapidly when k is
large, and thus it is well known that the computational cost of solving (5) by
standard schemes, with piecewise polynomial approximation spaces, grows at
least linearly with respect to the frequency k (see e.g. [8,21] and the references
therein). However, by removing the high frequency asymptotics and solving a
modified integral equation whose solution approaches zero almost everywhere
as k — o0, it is possible to devise numerical schemes for solving integral
equations such as (5) with computational costs that grow at a sublinear rate
as k increases (see e.g. [1,6,8,19]).

In particular, in [8] Chandler-Wilde and Langdon recently proposed a novel
Galerkin boundary element method for solving (5) for which it was demon-
strated via both a rigorous error analysis and numerical simulations that the
number of degrees of freedom required to solve (5) (and thus (1)—(3)) to a
prescribed level of accuracy grows only logarithmically with respect to k. This
appears to be the best result to date for problems of scattering by bounded
obstacles, and was achieved by removing the leading order high frequency
asymptotic behaviour from (5) and using a consideration of a related set of
half plane problems to demonstrate that for s € [0, L], (where x(s), s € [0, L],
parametrises ')

%%(x(s)) = known leading order terms + e**v (s) + e *v_(s),  (6)
with v4 and all its derivatives highly peaked near the corners of the polygon,
and rapidly decaying away from the corners. The oscillatory nature of du/dn
is thus represented exactly in (6) by the known leading order terms and the
terms e*** and to approximate du/On all that is required is to approximate
the smooth functions vy. These functions decay sufficiently quickly that the
number of degrees of freedom required to maintain the accuracy of their best
L? approximation from a space of piecewise polynomials supported on a graded
mesh, with a higher concentration of mesh points closer to the corners of the
polygon, grows only logarithmically with respect to k as k£ — oo.

The question then arises of how we might go about selecting our best L? ap-
proximation to vy from the approximation space. In [8] a Galerkin scheme
is used, for which both stability and convergence are proved. However, the
implementation of this scheme requires the evaluation of many highly oscil-
latory double integrals, which can become computationally expensive at high
frequencies. Although there has been some recent work on the efficient eval-
uation of highly oscillatory double integrals (see e.g. [13,15]) many questions
remain unanswered. By contrast, several integration schemes have recently
been proposed in the literature specifically for the evaluation of highly oscil-
latory single integrals, and many of these new schemes have the property that
their performance actually improves as the integrand becomes more oscilla-



tory (see for example [6,14,16,17] and the references therein). Using this as
our motivation in the current paper, here we investigate the application of a
collocation method for the solution of (5). We use the same approximation
space, and thus we might anticipate achieving a similar sublinear convergence
rate with respect to k as that achieved by the Galerkin scheme in [8], but the
collocation scheme has the advantage that its implementation requires only
the evaluation of highly oscillatory single integrals.

We begin in §2 by defining the approximation space more precisely, introduc-
ing our collocation method, and making some remarks about its conditioning,
stability and convergence properties. We proceed in §3 with a full descrip-
tion of how the scheme is implemented, including a discussion of how we can
evaluate the highly oscillatory single integrals which arise. In §4 we present
some numerical results, demonstrating that the collocation method appears
to converge to the same solution as the Galerkin scheme, for which a full er-
ror analysis has been carried out in [8], but with a significant reduction in
computational cost. Finally in §5 we present some conclusions.

2 The boundary element method

We begin by defining some notation, as in [8]. We write the boundary of the
polygon as I' = Uj_,I'j, where I';, j = 1,...,n are the n sides of the polygon,

ordered so that I';, j = 1,...,n, are in shadow, and I';, j = ns +1,...,n
are illuminated. We denote the corners of the polygon by P; := (pj,q;), j =
1,...,n, and we set P,4; = Py, so that for j = 1,...,n, I'; is the line joining

P; with Pj;;. We denote the length of I'; by L; := |Pj41 — P;|, the external
angle at each vertice P; by Q; € (m,2m), the normal derivative to the line
I'; by n; := (n;1,n,2), and the angle of the incident plane wave, as measured
anticlockwise from the downward vertical, by 6 € [0, 7/2]. Writing x = (21, 22)
we then have

ui (X) — eik(rl sinf—z2cosd) _ eikx.d’ (7)

where d := (sin 6, — cos 6). Defining further for j=1,...,n,

Pj+1 — D5 dj+1 — qj 7 7
= %, b] = %, C]' = pj — G,ij,l, dj = QJ — bij,l,
J J

aj:



where L; := 3> _| L,,, and noting that n;; = b;, nj2 = —a;, we can rewrite (5)
in parametrised form as

ols) + [ K(s,0)6(t)dt = f(s), s € [0.L] (®)

with

R = R(s,t) := \/(als —ajt + ¢ —c¢j)?+ (s — bt + d; — d;)?,

and

f(s) := 2i[b;sin 6 + a; cos O + (n/k))eF(@ste)sinf=(bistdy) cosh) (10)

Recalling (6), the first step in the design of our numerical scheme is to separate
off the leading order behaviour, namely the contribution from the incident field
(see e.g. [6,8]). For s € (Ll_l,Ll>, [ =1,...,n, we define

W(s) %%ﬂf (x(s)) = 2i(b;sin 6 + a; cos §)elkllaste)sind=(bistd)cos] |~ p
s) :=
0, [ <ng,
and
p(s) == p(s) — W(s). (11)
Substituting into (8) we have
p(s) + Kp(s) = F(s), se€0,L], (12)
where
L L
Ki(s) = Q/K(s,t)w(t) dt, F(s):=2f(s) — U(s) — 2/K(s,t)\1/(t) dt.
0 0



This is the integral equation we will solve numerically, with existence and
boundedness for (I + K)~! following immediately from [8, theorem 2.5].

We now define more precisely our approximation space Vy,. We begin by
defining the graded mesh we will use, which is the same as in [§].

Definition 1 For A >\, N =2,3,..., the mesh

AN,A,)\,(] = {y07 e 7yN+NA,A,q}

consists of the points

i \? ,
yizk(ﬁ), 1=20,...,N,

together with the points

A 3/Naxg
YN+ = A <—)

A ) j = 15"'7NA,)\,q7 (13)

where Ny = [N*], the smallest integer greater than or equal to N*, with

. —log(A/N)
qlog(1—1/N)

(14)

For j =1,...,n, we define ¢; := (2v + 3)/(27/€2; — 1), and the two meshes

. 7. “i=1L,—
F]- =L +AN,Lj,>\,qja Fj =L, AN;LJ‘:%%‘H'

Letting e.(s) := eT** s € [0, L], we then define

Vv, i=Hoer o €llpr }, Vi, i={oe_: o €Il- },
3’ 3’ 3’ J’
for y =1,...,n, where
Hrj,y ={o € L*(0,L) : Ol(Z; 1 tym-1,E; 1+ym) 15 @ Polynomial of degree < v,
fOl" m = 1, ey N + NLj)HQj’ and O-l((]’f/j_l)u(i/j’L) - 0},
Hr;,y ={o € L*0,L): Ol(Z;—gm.Es+5m_y) 1S & polynomial of degree < v,

fOl" m = 1, ey N + NLjy)\,(Ij+17 and O-|(0,Lj_1)U(f/j,L) = 0},



with the points of the mesh Ay, g, given by vo,...,yy g, -, and the
J°70H)

points of the mesh Ay r; xq;,, given by o, ..., Uy 5, | b
72701

Our approximation space Vi, is then the linear span of

U {VF;—,V U Vl"j_,zz}'

7j=1,...,n

Defining Py¢ to be the operator of orthogonal projection from L? onto the ap-
proximation space Vi, a rigorous error analysis [8, theorem 5.4] demonstrates
that

n1/2(1 + 10g1/2(k max;—i,..n Lj))

I — Pneellao.n) < Cy sup |u(x)] T2 N (15)
Moreover defining the Galerkin method approximation pye € Vv, by

(I + PneK)pne = PrcF, (16)
it is also shown in [8, theorem 5.5] that

lo — encllaon < CoClysup \u(x)|nl/2(1 + 10g1/2(k max;—i,..n Lj))_ (17)

xeD k1/2N1/+1

where Cy := ||(I + PnaK) 7 |2,0,) is bounded, for N sufficiently large.

Here, instead of projecting orthogonally onto the approximation space we
instead use the interpolatory projection Pyc from L? onto the same approxi-
mation space Vi, and solve

(I + PneK)one = PncF. (18)

For this scheme we are unable to prove an estimate of the form (17), as we
discuss below. However, from (15) we know that the error in the best approx-
imation of ¢ in Vyr depends only logarithically on k. Although we cannot
guarantee with the collocation scheme that this best approximation will be
attained, there exists some hope that a similar estimate might hold when Pyg
is replaced by Pyc¢.

In order to focus on some of the difficulties involved in the implementation
of (18) we consider from now on only the case v = 0. Writing ¢y as a linear



combination of the basis functions of Vi, we have

o (5) == 3 (). (19)

where p; is the jth basis function and My is the dimension of Vy . For p =
1,...,n, where n is the number of sides of the polygon, we define n;t to be
the number of elements of F;t, SO

+ . \ - \
np = N"—NLP,)\,qp: np = N"—NLP,

Adp+1

+
il

the total number of elements supported on I', by p := Zf;ll n; +n, , we then
have for p=1,...,n,

and we denote the elements of F;t by s, forl =1,... ,n;t. Denoting further

ik(s—z ) . 4
e P X (st ’S+.)(8), J=1...,n,,

ppra(s) =8 T L
¢ e X[S;j—h‘g;j)(s)’ J=ny t Lm0y,

where X[y, 4,) denotes the characteristic function of the interval [y;,2), and
+ +
S, :+S i1 .
Ty = T =1y, (21)

are the collocation points. Substituting (19) into (18) then leads to a linear
system of the form (where My :=>37_, nt +n,)

My

> ¢ {pj(x;'fm)—l—[(pj(xim)} :F(xim), forp=1,....n,m=1,... ,n;t. (22)
j=1

Since we have two overlapping meshes, an immediate difficulty presents itself.
If o} = T, foranyp=1....n,jm=1,... ,n;,t then the system (22) will
be singular, and (18) will have no solution. Moreover, if |2 — ;.| < €, for any
j, m, where € is sufficiently small, then the system will be ill conditioned. To
avoid this scenario, one approach would be to do away with the overlapping
meshes. For example, if we took A = L;/2 in the definition of the mesh,
putting a mesh on [0, L;/2] and a symmetric mesh on [L;/2, L;] on each side
of the polygon, with two basis functions e** and e™* on each mesh interval,
then we could force |z} — z,,| > € for any ¢ < min|y;;; — y;| through an
appropriate choice of two collocation points on each interval. However, this
approach is unsuitable for two reasons

(1) On the very short intervals near the corners of the polygon, e** and e~*s



will almost match, leading to ill-conditioned systems (see also [9] where
a related problem was solved using a mesh of this type).
(2) This approach leads to a much larger number of degrees of freedom than
is necessary, with v_ being approximated by far more basis functions than
necessary on I'; near P;, and v, being approximated by far more basis
functions than necessary on I'; near Pj;.

Instead we use the mesh described above, as for the Galerkin method of [8]. In
general, it is hard to say much about the spacing of the collocation points, and
hence about the conditioning of the linear system (22) for a general polygon.
However, considering for simplicity the side I'y we remark that the collocation
points xij will be very dense on [0, \], and sparse on (A, L], whilst the collo-
cation points o7 ; will be very dense on [L; — A, L1], and sparse on [0, L; — A).
So, provided there are no collocation points z; ; in [0, A] or xfj in [L; — A, Ly,
then there is a better chance for the system to be well conditioned. Consid-
ering the points of 7 ;, we require S;r,nijl < Ly — 2), and recalling (13) this
will be true provided ’

' —log(L1/A)
N .
IAao < log(1 —2\/Ly)

Supposing that L, is k wavelengths long, i.e. L1 = kA, we would require
Niyag < —logk/log(l —2/k), and recalling (14) this holds if

Since the estimate (15) suggests that N need only grow logarithmically with
respect to k as k — oo in order to maintain accuracy, this is not a severe
restriction. However, for fixed k (23) suggests that we cannot take N — oo
without encountering severe conditioning problems. This makes the derivation
of a conventional asymptotic error estimate rather difficult (see e.g. [4]). Col-
location schemes have though been applied very successfully to (1)—(3) in the
past, although not particularly with regard to the case that k is large. But
the success of these schemes (see e.g. [10,7,12] or [5, Chapter 8]) suggests that
provided the collocation points are sufficiently separated, the scheme should
converge in the same manner as the Galerkin scheme. Thus we rely in our im-
plementation on an examination of the mesh to ensure that the conditioning is
not too bad, and we run numerical examples in §4 to demonstrate convergence
to the same solution as the Galerkin scheme.



3 Implementation

The Galerkin approximation (16) leads to a linear system of the form

Ng
ch [(pyapm) + (Kpﬁpmﬂ = (f7 pm)v for m = ]-727 .- '7NG'
=1

Recalling (9), (10), this leaves many double integrals of the form

od .
oo = [ ] (a—nﬂn@)pj(s)pm(t) s, (24)
SUPPpm SUPDp;

to evaluate (see [8] and also [18] for details). This is a double integral over
the support of each of the basis functions of an oscillatory function, since the
term (0P/0n + in®d) is oscillatory as are the basis functions p; and p,,. Using
the Riemann-Lebesgue Lemma, and as described in [16], in principal at least
an integral should become easier to evaluate as it becomes more oscillatory,
as due to cancellation of oscillating terms the exact value will tend to zero
more quickly as the oscillations increase. However, using this information to
construct an accurate numerical scheme for highly oscillatory integrals of the
form (24) is a difficult task, and most schemes presented recently in the litera-
ture for the evaluation of highly oscillatory integrals focus on one-dimensional
integrals.

However, for the linear system (22) the single integrals

Yj+1
Kpy(sm) =2 [ K (s, ) at, (25)
Yj
are a little easier to evaluate, where here s,,, m = 1,..., My represent the

collocation points and [y;, y,+1] the support of p;.

If the collocation point lies on the same side as the support of the basis function
then

K (sm,t) = =1 HEY (k |3 — ) (26)

and using the identity [20, equation (12.31)]

2% T elims

17dt, s > O, (27)
Ttz (t—2i)

|-

10



we can write (25) as

Zl’;’k‘s i 1 (T) d?”, (28>
2me™ e (r — 2i)

[S1E

where
Yj+1
[(T’) — / e(i—r)k\sm—ﬂ—&-ajikt dt, (29)
Yj

with o; = 1. It is shown in [3] that

HFr—i)am (e’%(”(“%)) i (r=i(ie5))

Kr—i(1t9,)) ) Sm < Yj»
e—k(r=i)sm (ekya‘(r+i(°i1))+ kg (o 1)))
[(7’) = it 1 y Sm > Yj+1,

)
sy ge (o mom) iv(om s (o31))
ik((o;—1)) ( ( ) )
iksmos; Tk sm—yjy1)tik(yjpr1(1+o;)—sm
— <J <1+ag>>J J v Y < Smo < Y

and then to evaluate (29) we make the substitution r = s?/ (1 — s?), to reduce
the interval of integration to [0, 1] and eliminate the singularity at r = 0,
allowing us to use standard Gaussian quadrature, as the remaining integral is
not oscillatory.

The second and more difficult case we need to consider is that where the basis
function is supported on a different side from the collocation point. In this
case we must evaluate integrals of the form

b
. 1 isH| (V8?2 + )| ik
J = a/ lHO(/{I\/SQ +c?) + Jre e ds,

where a, b, c € R. Defining

Y

G(s) = [Hé(k\/m) 1sH1(i2\/j—20—2|_ cQ)] e

it follows from standard properties of Hankel functions (see e.g. [2]) that G(s)
is slowly oscillating compared to e*(V5*+¢*£5) We thus consider the evaluation

11



of

b
Jy o= /G(s)eik(shsu@) ds,

with the method for the evaluation of J_ := [” G(s)e(=5+Vs*+<%) 45 following
analogously. Making the substitution t = s + v/s% + ¢2 we have

Jp = oM dt, (30)

”*7’“62 . <t2 - 02> VBT

2t 2t2
at+va2+c?

and methods for evaluating this type of integral are well established. In par-
ticular, Iserles shows in [16] that using Filon quadrature to evaluate (30) gives
an error of the same order as the underlying quadrature scheme divided by &2
- the error decreases as k — oo.

We remark that the evaluation of | LLnS K (S, t) %—i (t)dt on the right hand
side of (22) is carried out by a combination of the above two procedures.

4 Numerical results

For the Galerkin method described in [8] we have the error estimate (17). Al-
though no such estimate has been proved for the collocation scheme described
here, we hope to demonstrate via numerical examples that a similar result
might be applicable.

As a numerical example we consider the problem of scattering by a square of
side length 27, with the angle of incidence /4 as measured anticlockwise from
the downward vertical. In calculating the errors we need an “exact” solution,
and this is computed using the Galerkin scheme (for which we have proved
convergence) using a large number of degrees of freedom. We remark that our
test problem is the same as that considered in [8].

Table 1 demonstrates the results obtained using the collocation method for
increasing values of k and N. For each k, we show the N values, the total
number of degrees of freedom My, the relative error |¢ — pncll, /|||, and
the estimated order of convergence

+ 1.

||90 <P23'NC||2 10%20
EOC — lo _
Z 8o pncls 2 M

12



k | N | My | lle—encly/llell, | EOC

10 | 4 | 48 4.7335 x 1071 0.8
8 | 96 2.6980 x 107! 1.0
16 | 192 1.2670 x 107! 0.9
32 | 376 6.8440 x 1072 1.0
64 | 752 3.3034 x 1072

20 | 4 | 48 7.1085 x 1071 1.2
8 | 104 3.0762 x 1071 1.0
16 | 200 1.7872 x 107! 1.2
32 | 392 5.5728 x 1072 1.0
64 | 792 4.1295 x 1072

40 | 4 | 56 5.4597 x 107! 0.7
8 | 104 3.4089 x 10! 0.3
16 | 208 3.6095 x 107! 0.3
32 | 416 2.8317 x 107! 1.0
64 | 824 3.7158 x 1072

80 | 4 | 56 4.6096 x 107! 1.0
8 | 112 2.3333 x 10! 0.8
16 | 216 1.5975 x 107! 0.6
32 | 432 1.4203 x 107! 0.9
64 | 864 4.4374 x 1072

160 | 4 | 56 4.4455 x 1071 —0.1
8 | 112 4.6445 x 1071 0.5
16 | 224 2.3456 x 107! 0.7
32 | 456 9.3327 x 1072 0.8
64 | 904 4.8153 x 1072

Table 1

Relative Ly errors, k = 10, 20,40, 80,160. N = 2,4, 8,16, 32,64

The results appear to suggest that for each value of £ the solution is converging
to the same solution as that achieved by the Galerkin scheme, for which we
have proved convergence to the true solution of the integral equation, and
at roughly the same rate (i.e. EOC = 1, as it would be if the estimate (17)
held for the collocation scheme as well). Moreover, the relative error remains

13




roughly constant for fixed N as k increases, suggesting that, as for the Galerkin
scheme, the number of degrees of freedom required to achieve a prescribed level
of accuracy grows only logarithmically with respect to the frequency. Further
numerical results can be found in [3].

5 Conclusions

We have proposed and implemented a new collocation method for solving
problems of high frequency scattering by convex polygons. We use the same
approximation space as for the Galerkin method in [8], and our numerical
results appear to suggest that we achieve the same convergence rate, namely
that the number of degrees of freedom required to achieve a prescribed level of
accuracy grows only logarithmically with respect to the frequency. Moreover,
the collocation method exhibits a significant reduction in the computational
time compared to the Galerkin scheme.

References

[1] T. Abboud, J. C. Nédélec, and B. Zhou. Méthodes des équations intégrales
pour les hautes fréquences. C.R. Acad. Sci. I-Math, 318:165-170, 1994.

[2] M. Abramowitz and I. Stegun. Handbook of Mathematical Functions. Dover,
1972.

[3] S. Arden. A Collocation Method for High Frequency Scattering by Convex
Polygons. MSc Thesis, University of Reading, 2005.

[4] D. N. Arnold and W. L. Wendland. On the asymptotic convergence of
collocation methods. Math. Comp., 41:197-242, 1983.

[5] K. E. Atkinson. The Numerical Solution of Integral Equations of the Second
Kind. Cambridge University Press, 1997.

[6] O. P. Bruno, C. A. Geuzaine, J. A. Monro Jr, and F. Reitich. Prescribed error
tolerances within fixed computational times for scattering problems of high
frequency: the convex case. Phil. Trans. R. Soc. Lond A, 362:629-645, 2004.

[7] G. Chandler and I. G. Graham. Product integration-collocation methods for
non-compact integral operator equations. Math. Comp., 50:125-138, 1988.

[8] S. N. Chandler-Wilde and S. Langdon. A Galerkin boundary element method
for high frequency scattering by convex polygons. Submitted for publication.

[9] S. N. Chandler-Wilde, S. Langdon, and L. Ritter. A high-wavenumber
boundary-element method for an acoustic scattering problem. Phil. Trans. R.
Soc. Lond. A, 362:647-671, 2004.

14



[10] K. Chen and S. Amini. Numerical analysis of boundary integral solution of the
Helmholtz equation in domains with non-smooth boundaries. IMA J. Numer.
Anal., 13:43-66, 1993.

[11] D. Colton and R. Kress. Inverse Acoustic and Electromagnetic Scattering
Theory. Springer-Verlag, 1992.

[12] M. Costabel and E. Stephan. On the convergence of collocation methods for
boundary integral equations on polygons. Math. Comp. 49:461-478, 1987.

[13] M. Ganesh, S. Langdon and I. H. Sloan. Efficient evaluation of highly oscillatory
acoustic scattering surface integrals. Submitted for publication.

[14] D. Huybrechs and S. Vandewalle. On the evaluation of highly oscillatory
integrals by analytic continuation. Katholieke Universiteit Leuven, Report
TW431, July 2005.

[15] D. Huybrechs and S. Vandewalle. The efficient evaluation of highly oscillatory
integrals in BEM by analytic continuation. Advances in Boundary Integral
Methods, (Proceedings of the 5th UK Conference on Boundary Integral
Methods), 12-21, 2005.

[16] A. Iserles. On the numerical quadrature of highly-oscillating integrals I: Fourier
transforms. IMA J. Numer. Anal., 24:365-391, 2004.

[17] A. Iserles and S. Norsett. On quadrature methods for highly oscillatory integrals
and their implementation. BIT Numerical Mathematics, 44(4):755-772, 2004.

[18] S. Langdon and S. N. Chandler-Wilde. Implementation of a boundary element
method for high frequency scattering by convex polygons. Advances in
Boundary Integral Methods (Proceedings of the 5th UK Conference on Boundary
Integral Methods), 2-11, 2005.

[19] S. Langdon and S. N. Chandler-Wilde. A wavenumber independent boundary
element method for an acoustic scattering problem. SIAM J. Numer. Anal., to
appear.

[20] F. Oberhettinger and L. Badii. Tables of Laplace Transforms, Springer-Verlag,
1973.

[21] E. Perrey-Debain, O. Lagrouche, P. Bettess, and J. Trevelyan. Plane-wave basis
finite elements and boundary elements for three-dimensional wave scattering.
Phil. Trans. R. Soc. Lond. A, 362:561-577, 2004.

15



